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optical cavity field and the mechanical oscillator, including all
fluctuation effects.
It is equally useful to give the classical, averaged version of

these equations that will be valid for sufficiently large photon
and phonon numbers, in the semiclassical limit. Then we can
write down the equations for the complex light amplitude
αðtÞ ¼ hâðtÞi and the oscillator position xðtÞ ¼ hx̂ðtÞi:

_α ¼ −
κ
2
αþ iðΔþ GxÞαþ ffiffiffiffiffiffi

κex
p

αin; ð40Þ

meff ẍ ¼ −meffΩ2
mx −meffΓm _xþ ℏGjαj2. ð41Þ

Here we neglected all fluctuations, although these could be
added to describe thermal and even, in a semiclassical
approximation, quantum noise forces. The term αin represents
the laser drive. Note that we also chose to write the mechanical
equation of motion in terms of the displacement, where
x ¼ 2xZPFReðhb̂iÞ. This becomes equivalent to the equation
given above only for weak damping Γm ≪ Ωm. These fully
nonlinear coupled differential equations are the basis for our
discussion of nonlinear phenomena, in particular, the opto-
mechanical parametric instability (also called “self-induced
oscillations” or “mechanical lasing,” see Sec. VIII).

FIG. 7 (color online). A gallery illustrating the variety of optomechanical devices, arranged according to mass. Pictures courtesy (from
top left, down): N. Mavalvala, A. Heidmann, M. Aspelmeyer, D. Bouwmeester, J. Harris, P. Treutlein, T. J. Kippenberg, I. Favero,
M. Lipson, T. J. Kippenberg/E. Weig/J. Kotthaus, H. Tang, K. Vahala/T. Carmon, J. Teufel/K. Lehnert, I. Robert, O. Painter, O. Painter,
I. Favero/E. Weig/K. Karrai, and D. Stamper-Kurn.
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Application: quantum sensors, quantum memories, quantum computers

Haroche and Wineland 
(Nobel Prize 2012 for “measuring and manipulation of individual quantum systems”)

Interaction with the external world sets the reality!

Classical harmonic oscillator Quantum harmonic oscillator

?

Quantum mechanics in macroscopic systems?



Optomechanics: quantum effect and gravity?

Ground State Cooling of 
massive object

Quantum Superposition and 
Mass Interference 

Entanglement between 
Massive Particles 

(energy quantization, 
vacuum squeezing, etc.) 



Caldeira-Leggett model  
and  

quantum Langevin 
equations



Caldeira-Leggett model
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system environment / thermal bath
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Caldeira-Leggett model
Heisenberg’s picture: Equations of motion
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Caldeira-Leggett model
Close equation for the harmonic oscillator
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Caldeira-Leggett model
Response function
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⌘(t) = ✓(t)�m !c e
�!ct

<latexit sha1_base64="Tj8gi6Bqv8Byl8j6nnNzHx8uQpk="></latexit>Z t

�1
dt0⌘(t� t0)

dq̂(t0)

dt0
' �m

dq̂(t)

dt

Markovian regime

<latexit sha1_base64="vBQLRtxLJOri9+dYkGJwZQpKeRg=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5oUUZdFNy4r2Ac0IUymk3boPMLMRKihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPnDKqjed9O6W19Y3NrfJ2ZWd3b7/qHhx2tMwUJm0smVS9GGnCqCBtQw0jvVQRxGNGuvH4duZ3H4nSVIoHM0lJyNFQ0IRiZKwUuVX/PJCcDFGEYcAYjNyaV/fmgKvEL0gNFGhF7lcwkDjjRBjMkNZ930tNmCNlKGZkWgkyTVKEx2hI+pYKxIkO8/nhU3hqlQFMpLIlDJyrvydyxLWe8Nh2cmRGetmbif95/cwk12FORZoZIvBiUZIxaCScpQAHVBFs2MQShBW1t0I8QgphY7Oq2BD85ZdXSadR9y/rjfuLWvOmiKMMjsEJOAM+uAJNcAdaoA0wyMAzeAVvzpPz4rw7H4vWklPMHIE/cD5/AF9dkkM=</latexit>

1/!c ⌧
typical time 
scale for the 
evolution of 

<latexit sha1_base64="Tj8gi6Bqv8Byl8j6nnNzHx8uQpk="></latexit>Z t

�1
dt0⌘(t� t0)

dq̂(t0)

dt0
' �m

dq̂(t)

dt
4



Caldeira-Leggett model
Quantum noise

<latexit sha1_base64="n5l4nQIPEYj77OgRelpE2fU5Qu8=">AAACi3icbVHdatRAFJ7Ev3W1uuqlN4NFiMiGpIItYqEoFq+kgtsWdrZhMjnZDJ1JYuZEXIb4KoKPpFe+gS8hOMnuhbYeGPjOd77zM+ektZIGo+in51+5eu36jdHN8a3bW3fuTu7dPzZV2wiYiUpVzWnKDShZwgwlKjitG+A6VXCSnr/u4yefoDGyKj/gqoaF5stS5lJwdFQy+cYyUMgpKzjawy7AJ5TuU5Y3XNi4s7qjzLQ6se V+3J3Zd85FqTKwTLkeGe+SkjIFOQZDgd4PMIlcEQpndipZpWHJnSjAac939CllOq0+2yIUIe1YI5eF6zmlDJBvROthPnZDpTFNJttRGA1GL4N4A7YPDn/9/vqj+nKUTL6zrBKthhKF4sbM46jGheUNSqGgG7PWQM3FOV/C3MGSazALO+yyo48dk9G8atwrkQ7s3xmWa2NWOnVKzbEwF2M9+b/YvMV8b2FlWbcIpVg3yltFsaL9YWgmGxCoVg5w0Ug3KxUFd3dAd76xW0J88cuXwfFOGD8Pd967bbwiaxuRh+QRCUhMdskBeUuOyIwIb+SF3q6352/5z/wX/su11Pc2OQ/IP+a/+QNhfcYj</latexit>

�F̂ (t) =
1

m

NX

n=1

�̃n

⇣
ân(t0)e

�i!n(t�t0) + h.c.
⌘
� ⌘(t� t0)q̂(t0)

<latexit sha1_base64="d8EUsOGcJzlWT0GleXVurmTkDyI="></latexit>D
�F̂ (t1)�F̂ (t2)

E

t0
=

1

m2

NX

1

�̃2
n

⇣⌦
ân(t0)â

†
n(t0)

↵
e�i!n(t1�t2) +

D
â†n(t0)â

(
nt0)

E
ei!n(t1�t2)

⌘

<latexit sha1_base64="H+SLw6rumIP6k5Dj2zKfC3+VwI4=">AAAB+HicbVDLSsNAFJ3UV62PRl26CS1CpVCSLtRlqRuXFewDmhAm02k7dB5hZiLE0L9w58aFIm79FHf9G6ePhbYeuHA4517uvSeKKVHadWdWbmt7Z3cvv184ODw6Ltonpx0lEolwGwkqZC+CClPCcVsTTXEvlhiyiOJuNLmd+91HLBUR/EGnMQ4YHHEyJAhqI4V2kYfNii8YHsGQX1a90C67NXcBZ5N4K1JulPzq86yRtkL72x8IlDDMNaJQqb7nxjrIoNQEUTwt+InCMUQTOMJ9QzlkWAXZ4vCpc2GUgTMU0hTXzkL9PZFBplTKItPJoB6rdW8u/uf1Ez28CTLC40RjjpaLhgl1tHDmKTgDIjHSNDUEIknMrQ4aQwmRNlkVTAje+subpFOveVe1+r1JowmWyINzUAIV4IFr0AB3oAXaAIEEvIA38G49Wa/Wh/W5bM1Zq5kz8AfW1w9oYJVB</latexit>

nB(!n) + 1
<latexit sha1_base64="H+SLw6rumIP6k5Dj2zKfC3+VwI4=">AAAB+HicbVDLSsNAFJ3UV62PRl26CS1CpVCSLtRlqRuXFewDmhAm02k7dB5hZiLE0L9w58aFIm79FHf9G6ePhbYeuHA4517uvSeKKVHadWdWbmt7Z3cvv184ODw6Ltonpx0lEolwGwkqZC+CClPCcVsTTXEvlhiyiOJuNLmd+91HLBUR/EGnMQ4YHHEyJAhqI4V2kYfNii8YHsGQX1a90C67NXcBZ5N4K1JulPzq86yRtkL72x8IlDDMNaJQqb7nxjrIoNQEUTwt+InCMUQTOMJ9QzlkWAXZ4vCpc2GUgTMU0hTXzkL9PZFBplTKItPJoB6rdW8u/uf1Ez28CTLC40RjjpaLhgl1tHDmKTgDIjHSNDUEIknMrQ4aQwmRNlkVTAje+subpFOveVe1+r1JowmWyINzUAIV4IFr0AB3oAXaAIEEvIA38G49Wa/Wh/W5bM1Zq5kz8AfW1w9oYJVB</latexit>

nB(!n) + 1Thermal equilibrium at 

<latexit sha1_base64="n5l4nQIPEYj77OgRelpE2fU5Qu8="></latexit>

�F̂ (t) =
1

m

NX

n=1

�̃n

⇣
ân(t0)e

�i!n(t�t0) + h.c.
⌘
� ⌘(t� t0)q̂(t0)

<latexit sha1_base64="s0/aIN/f1PlF/MCv6skxpw93GFo="></latexit>

nB(!) =
⇣
e

~!
kBT � 1

⌘�1

<latexit sha1_base64="Vi9HNkAEmeKe+Le775i9L11B1xI=">AAACwHicbVHbjtMwEHXCrZRbFx55GVghdbVQJX0AHihaioR4XC7dXanOVo7jNNY6l7UniGJF4oP4C/6AF8THgHCbcusyljVH58zR2DNxpaTBIPjm+efOX7h4qXO5e+Xqtes3els3D0xZay4mvFSlPoqZEUoWYoISlTiqtGB5rMRhfPJ8qR++E9rIsniLi0pEOZsXMpWcoaNmva9v+rTMxZztwAioLPDY7rqU4qKZ2QdrRO/8OZ Ag0Psgjq1sjYANVSLFJ0AToZABzRjaF00fd9bMLyJwhJbzDJ/CaEgrCStfH0LYhWI2/v2QtsjlVDNuaRYz3UqNda4GaB6X7+1r0fadAhXINszRrLcdDIJVwFkQrsH23rPvHz93fnzan/W+0KTkdS4K5IoZMw2DCiPLNEquRNOltREV4ydsLqYOFiwXJrKrBTRwzzEJpKV2t0BYsX87LMuNWeSxq8wZZmZTW5L/06Y1po8jK4uqRlHwtlFaK8ASltuERGrBUS0cYFxL91bgGXNjQ7fzrhtCuPnls+BgOAgfDoav3DTGpI0OuU3ukj4JySOyR16SfTIh3Bt53FNe7o/9zC/907bU99aeW+Sf8D/8BDoX22w=</latexit>

S(!) =

Z +1

�1
dt ei!t

D
�F̂ (t)�F̂ (0)

E
= 2⇡ (1 + nB(!))

~!
⇡

Re [⌘(!)]

Fluctuation-Dissipation theorem

5

<latexit sha1_base64="qnlfrIiJtZuPfFieWiozSN98Vqw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgopakiLosunFZwT6gCWEynaRDJw9mboQS6q+4caGIWz/EnX/jtM1CWw9cOJxzL/fe46eCK7Csb6O0tr6xuVXeruzs7u0fmIdHXZVkkrIOTUQi+z5RTPCYdYCDYP1UMhL5gvX88e3M7z0yqXgSP8AkZW5EwpgHnBLQkmdW4Rw8ywlDB0jmUezUcd0za1bDmgOvErsgNVSg7ZlfzjChWcRioIIoNbCtFNycSOBUsGnFyRRLCR2TkA00jUnElJvPj5/iU60McZBIXTHgufp7IieRUpPI150RgZFa9mbif94gg+DazXmcZsBiulgUZAJDgmdJ4CGXjIKYaEKo5PpWTEdEEgo6r4oOwV5+eZV0mw37stG8v6i1boo4yugYnaAzZKMr1EJ3qI06iKIJekav6M14Ml6Md+Nj0Voyipkq+gPj8wfZCZOa</latexit>

t� t0 � ⌧c ,



Caldeira-Leggett model
Quantum Langevin Equation 
(Markovian regime)

<latexit sha1_base64="aXFLD7Ry8bV448x5i6BTZp//moU="></latexit>

d2q̂(t)

dt2
= �!2

0 q̂ � �m
dq̂(t)

dt
+ �F̂ (t)

<latexit sha1_base64="OAYzv8TiXVAKzTnMjjI8Mi0sRHc="></latexit>

q̂[!] =
1

!2
0 � !2 � i!�m

�F̂ [!]
<latexit sha1_base64="dL+STa7z5vfiQBapmOz0Sm8JMKI=">AAAB83icbVDLSgNBEJyNrxhfUY9ehgQhIoTdHNRj0IvHCOYB2SXMTjrJkNmZZWZWWJb8hXjxoIhXf8Zb/sbJ46CJBQ1FVTfdXWHMmTauO3VyG5tb2zv53cLe/sHhUfH4pKVloig0qeRSdUKigTMBTcMMh06sgEQhh3Y4vpv57SdQmknxaNIYgogMBRswSoyVfJ+OWMWXEQzJRa9YdqvuHHideEtSrpf8y+dpPW30it9+X9IkAmEoJ1p3PTc2QUaUYZTDpOAnGmJCx2QIXUsFiUAH2fzmCT63Sh8PpLIlDJ6rvycyEmmdRqHtjIgZ6VVvJv7ndRMzuAkyJuLEgKCLRYOEYyPxLADcZwqo4aklhCpmb8V0RBShxsZUsCF4qy+vk1at6l1Vaw82jVu0QB6doRKqIA9dozq6Rw3URBTF6AW9oXcncV6dD+dz0ZpzljOn6A+crx92VZRK</latexit>

�(!)
Solution

susceptibility 

Rotating Wave Approximation (R.W.A.)
<latexit sha1_base64="v3NQO7juatW+dUhravlooVi7bh4=">AAAB/nicbVDLSsNAFJ34rPUVFd24GSyCq5J0oS5LXeiyBfuApoSb6TQdOpOEmYlQQsFfceNCKW79AL/AnRu/xeljoa0HLhzOuZd77wkSzpR2nC9rZXVtfWMzt5Xf3tnd27cPDhsqTiWhdRLzWLYCUJSziNY105y2EklBBJw2g8HNxG8+UKlYHN3rYUI7AsKI9RgBbSTfPvZiQUPwHeyFIfZuQQjwhW8XnKIzBV4m7pwUyie1bzaufFR9+9PrxiQVNNKEg1Jt10l0JwOpGeF0lPdSRRMgAwhp29AIBFWdbHr+CJ8bpYt7sTQVaTxVf09kIJQaisB0CtB9tehNxP+8dqp7152MRUmqaURmi3opxzrGkyxwl0lKNB8aAkQycysmfZBAtEksb0JwF19eJo1S0b0slmomjQqaIYdO0Rm6QC66QmV0h6qojgjK0BN6Qa/Wo/Vsja23WeuKNZ85Qn9gvf8A8tGYig==</latexit>

!0 � �m + white noise regime
<latexit sha1_base64="gL6a2YYqekwLNg3BlMlo0/FAniI="></latexit>

b̂(t) =
1

2

"r
2m!0

~ q̂(t) + i

r
2

m~!0
p̂(t)

#
'
r

~
2m!0

X

n

 
�̃n

~

!
e�i!0(t�t0)

!0 � !n � i�m/2
ân(t0)

<latexit sha1_base64="v3NQO7juatW+dUhravlooVi7bh4=">AAAB/nicbVDLSsNAFJ34rPUVFd24GSyCq5J0oS5LXeiyBfuApoSb6TQdOpOEmYlQQsFfceNCKW79AL/AnRu/xeljoa0HLhzOuZd77wkSzpR2nC9rZXVtfWMzt5Xf3tnd27cPDhsqTiWhdRLzWLYCUJSziNY105y2EklBBJw2g8HNxG8+UKlYHN3rYUI7AsKI9RgBbSTfPvZiQUPwHeyFIfZuQQjwhW8XnKIzBV4m7pwUyie1bzaufFR9+9PrxiQVNNKEg1Jt10l0JwOpGeF0lPdSRRMgAwhp29AIBFWdbHr+CJ8bpYt7sTQVaTxVf09kIJQaisB0CtB9tehNxP+8dqp7152MRUmqaURmi3opxzrGkyxwl0lKNB8aAkQycysmfZBAtEksb0JwF19eJo1S0b0slmomjQqaIYdO0Rm6QC66QmV0h6qojgjK0BN6Qa/Wo/Vsja23WeuKNZ85Qn9gvf8A8tGYig==</latexit>

!0 � �m

<latexit sha1_base64="v3NQO7juatW+dUhravlooVi7bh4=">AAAB/nicbVDLSsNAFJ34rPUVFd24GSyCq5J0oS5LXeiyBfuApoSb6TQdOpOEmYlQQsFfceNCKW79AL/AnRu/xeljoa0HLhzOuZd77wkSzpR2nC9rZXVtfWMzt5Xf3tnd27cPDhsqTiWhdRLzWLYCUJSziNY105y2EklBBJw2g8HNxG8+UKlYHN3rYUI7AsKI9RgBbSTfPvZiQUPwHeyFIfZuQQjwhW8XnKIzBV4m7pwUyie1bzaufFR9+9PrxiQVNNKEg1Jt10l0JwOpGeF0lPdSRRMgAwhp29AIBFWdbHr+CJ8bpYt7sTQVaTxVf09kIJQaisB0CtB9tehNxP+8dqp7152MRUmqaURmi3opxzrGkyxwl0lKNB8aAkQycysmfZBAtEksb0JwF19eJo1S0b0slmomjQqaIYdO0Rm6QC66QmV0h6qojgjK0BN6Qa/Wo/Vsja23WeuKNZ85Qn9gvf8A8tGYig==</latexit>

!0 � �m

<latexit sha1_base64="OAYzv8TiXVAKzTnMjjI8Mi0sRHc="></latexit>

q̂[!] =
1

!2
0 � !2 � i!�m

�F̂ [!]

6

<latexit sha1_base64="OAYzv8TiXVAKzTnMjjI8Mi0sRHc=">AAACRnicbZDPbtQwEMYnS4Gy/OlCjxywqJA4tKtkD8ChSAUk2mORum2ldRom3smuVTtJbQdpFeWReIpeOHPjEbj00Apx4IJ3UyFoGcnST983M7a/tFTSujD8FnRuLN28dXv5TvfuvfsPVnoPH+3bojKChqJQhTlM0ZKSOQ2ddIoOS0OoU0UH6fG7uX/wiYyVRb7nZiXFGie5zKRA56WkF/MpuvqkGfFC0wRj9prxzKCoo6ZupS Q8Gmy0eDRgG0y2zPg2ao2Jbhhf5+uMj0k5XGx7/2db0lsL++Gi2HWILmFt683m549Pfu3sJr2vfFyISlPuhEJrR1FYurhG46RQ1HR5ZalEcYwTGnnMUZON60UMDXvmlTHLCuNP7thC/XuiRm3tTKe+U6Ob2qveXPyfN6pc9iquZV5WjnLRXpRVirmCzTNlY2lIODXzgMJI/1YmpuhTdD75rg8huvrl67A/6Ecv+oMPPo230NYyPIan8BwieAlbsAO7MAQBp/AdzuEi+BKcBT+Cn21rJ7icWYV/qgO/AQl1s+g=</latexit>

q̂[!] =
1

!2
0 � !2 � i!�m

�F̂ [!]

<latexit sha1_base64="OAYzv8TiXVAKzTnMjjI8Mi0sRHc="></latexit>

q̂[!] =
1

!2
0 � !2 � i!�m

�F̂ [!]
<latexit sha1_base64="dL+STa7z5vfiQBapmOz0Sm8JMKI=">AAAB83icbVDLSgNBEJyNrxhfUY9ehgQhIoTdHNRj0IvHCOYB2SXMTjrJkNmZZWZWWJb8hXjxoIhXf8Zb/sbJ46CJBQ1FVTfdXWHMmTauO3VyG5tb2zv53cLe/sHhUfH4pKVloig0qeRSdUKigTMBTcMMh06sgEQhh3Y4vpv57SdQmknxaNIYgogMBRswSoyVfJ+OWMWXEQzJRa9YdqvuHHideEtSrpf8y+dpPW30it9+X9IkAmEoJ1p3PTc2QUaUYZTDpOAnGmJCx2QIXUsFiUAH2fzmCT63Sh8PpLIlDJ6rvycyEmmdRqHtjIgZ6VVvJv7ndRMzuAkyJuLEgKCLRYOEYyPxLADcZwqo4aklhCpmb8V0RBShxsZUsCF4qy+vk1at6l1Vaw82jVu0QB6doRKqIA9dozq6Rw3URBTF6AW9oXcncV6dD+dz0ZpzljOn6A+crx92VZRK</latexit>

�(!)



Caldeira-Leggett model

Canonical transformation

7

<latexit sha1_base64="gL6a2YYqekwLNg3BlMlo0/FAniI="></latexit>

b̂(t) =
1

2

"r
2m!0

~ q̂(t) + i

r
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m~!0
p̂(t)

#
'
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~
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�̃n

~

!
e�i!0(t�t0)

!0 � !n � i�m/2
ân(t0)

Langevin equation for 

Input noise 
operator

Effective equation (Markov regime + white noise + RWA)

Rotating Wave Approximation (RWA)

<latexit sha1_base64="HQhBIWCVjeOwUi7ww0Aim65daQg="></latexit>

�F̂ (t) =
1

m

NX

n=1

�̃n

" 
ân(t0)�

�̃n

~!n
q̂(t0)

!
e�i!n(t�t0) + h.c.

#<latexit sha1_base64="d8EUsOGcJzlWT0GleXVurmTkDyI="></latexit>D
�F̂ (t1)�F̂ (t2)

E

t0
=

1

m2

NX

1

�̃2
n
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ân(t0)â

†
n(t0)

↵
e�i!n(t1�t2) +

D
â†n(t0)â

(
nt0)

E
ei!n(t1�t2)

⌘

<latexit sha1_base64="HQhBIWCVjeOwUi7ww0Aim65daQg="></latexit>

�F̂ (t) =
1

m

NX

n=1

�̃n

" 
ân(t0)�

�̃n

~!n
q̂(t0)

!
e�i!n(t�t0) + h.c.

#



Caldeira-Leggett model

Forced vibration
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<latexit sha1_base64="iYFtQhlwA+XPgmq20C3U3DGrujw="></latexit>

Ĥ
0

0 = ~ (!0 � !d) b̂
†
b̂

Unitary transformation (rotating frame of the drive)

<latexit sha1_base64="WkeF52ldnPAgFbsLbLkh4uX5GtQ="></latexit>

Û †
d(t)q̂Ûd(t) =

r
~

2m!0

h
b̂ e�i!dt + b̂† ei!dt

i
,

<latexit sha1_base64="J90PJwSdAb6zpbvCUfvHrdfh0Jg="></latexit>

db̂(t)

dt
= i (!d � !0) b̂(t)�

�m

2
b̂(t) + ei!dt

p
�m b̂in(t) + i

✓r
2

m~!0

◆
Fd

4

Solution
<latexit sha1_base64="bqAxHKxe6/g2+kKYetCjsSKjcj8=">AAACCnicbZC7SgNBFIZnvcZ4W7W0GQ0BQQi7QdRGCNpYRjAXyIZwdjJJhsxemDkrhCW1ja9iY6GIrU9g59s4SbbQxAMDH/8/h3PO78dSaHScb2tpeWV1bT23kd/c2t7Ztff26zpKFOM1FslINX3QXIqQ11Cg5M1YcQh8yRv+8GbiNx640iIK73EU83YA/VD0BAM0Usc+8gaAqT+mV9TzQU3olHpdLhEyp2MXnJIzLboIbgYFklW1Y3953YglAQ+RSdC65ToxtlNQKJjk47yXaB4DG0KftwyGEHDdTqenjGnRKF3ai5R5IdKp+rsjhUDrUWDWLAaAAz3vTcT/vFaCvct2KsI4QR6y2aBeIilGdJIL7QrFGcqRAWBKmF0pG4AChia9vAnBnT95EerlknteKt+dFSrXWRw5ckiOyQlxyQWpkFtSJTXCyCN5Jq/kzXqyXqx362P2dcnKeg7In7I+fwBp75ob</latexit>

b̂ = b̄+ �b̂
<latexit sha1_base64="6RfNaCsbUJll2KfzZ8Q3OObXfyI="></latexit>

db̄

dt
= 0 = i (!d � !0) b̄�

�m

2
b̄+ i

✓r
2

m~!0

◆
Fd

4
<latexit sha1_base64="1WqEIi9xeKS1chdByA7/g26BURs="></latexit>

d�b̂(t)

dt
= i (!d � !0) �b̂(t)�

�m

2
�b̂(t) + ei!dt

p
�m b̂in(t)

<latexit sha1_base64="bqAxHKxe6/g2+kKYetCjsSKjcj8=">AAACCnicbZC7SgNBFIZnvcZ4W7W0GQ0BQQi7QdRGCNpYRjAXyIZwdjJJhsxemDkrhCW1ja9iY6GIrU9g59s4SbbQxAMDH/8/h3PO78dSaHScb2tpeWV1bT23kd/c2t7Ztff26zpKFOM1FslINX3QXIqQ11Cg5M1YcQh8yRv+8GbiNx640iIK73EU83YA/VD0BAM0Usc+8gaAqT+mV9TzQU3olHpdLhEyp2MXnJIzLboIbgYFklW1Y3953YglAQ+RSdC65ToxtlNQKJjk47yXaB4DG0KftwyGEHDdTqenjGnRKF3ai5R5IdKp+rsjhUDrUWDWLAaAAz3vTcT/vFaCvct2KsI4QR6y2aBeIilGdJIL7QrFGcqRAWBKmF0pG4AChia9vAnBnT95EerlknteKt+dFSrXWRw5ckiOyQlxyQWpkFtSJTXCyCN5Jq/kzXqyXqx362P2dcnKeg7In7I+fwBp75ob</latexit>

b̂ = b̄+ �b̂

<latexit sha1_base64="1WqEIi9xeKS1chdByA7/g26BURs="></latexit>

d�b̂(t)

dt
= i (!d � !0) �b̂(t)�

�m

2
�b̂(t) + ei!dt

p
�m b̂in(t)
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Input-output theory (in short)
Photon cavity

9

single mode

input radiation

output radiation

injected laser (drive) modes of the 
transmission line

interaction 

<latexit sha1_base64="FgXOeVKEOAX3beE/fnVbUqqchpY="></latexit>

Ĥopt = ~!câ
†
â� i~

�
f̄0↵

⇤
0e

i!Lt
â� h.c.

�
� i~

X

k

⇣
fkâ

†
kâ� h.c.

⌘
+

X

k

~!kâ
†
kâk

<latexit sha1_base64="FgXOeVKEOAX3beE/fnVbUqqchpY="></latexit>

Ĥopt = ~!câ
†
â� i~

�
f̄0↵

⇤
0e

i!Lt
â� h.c.

�
� i~

X

k

⇣
fkâ

†
kâ� h.c.

⌘
+

X

k

~!kâ
†
kâk

Effective equation in rotating frame (Markov regime + white noise + RWA)

<latexit sha1_base64="xhwigUgkHbjNV9n6fd63a9+39uQ="></latexit>h
âin(t), â

†
in(t

0)
i
= �(t� t0)

<latexit sha1_base64="4X7kxvPGCBlIRgtdruaQ+B92tdQ="></latexit>D
âin(t)â

†
in(t

0)
E
= (1 + nB(!c)) �(t� t0) ,

<latexit sha1_base64="Siss0+o17FOCTUaQU2T9wHNhGPs="></latexit>D
â†in(t)âin(t

0)
E
= nB(!c)�(t� t0) ,

<latexit sha1_base64="cgbfPWJsCKs/zMljf9hrkW8UItg=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwY0mKqBuhqAsXLirYBzQhTKa37dDJg5mJUEK2bvwVNy4UcesfuPNvnLZBtPXAhTPn3Mvce/yYM6ks68soLCwuLa8UV0tr6xubW+b2TlNGiaDQoBGPRNsnEjgLoaGY4tCOBZDA59Dyh5djv3UPQrIovFOjGNyA9EPWY5QoLXkmdq6AK4LPsRMF0CdeepPho58HzTyzbFWsCfA8sXNSRj nqnvnpdCOaBBAqyomUHduKlZsSoRjlkJWcREJM6JD0oaNpSAKQbjq5JMMHWuniXiR0hQpP1N8TKQmkHAW+7gyIGshZbyz+53US1TtzUxbGiYKQTj/qJRyrCI9jwV0mgCo+0oRQwfSumA6IIFTp8Eo6BHv25HnSrFbsk0r19rhcu8jjKKI9tI8OkY1OUQ1dozpqIIoe0BN6Qa/Go/FsvBnv09aCkc/soj8wPr4BAhmZSQ==</latexit>

� = !L � !c

<latexit sha1_base64="su2N5C1FsB9gAGfiGiYSa9SXxP4=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIAglKaIui25cVrAPaEK4mU6aoZMHMxOhhGz8FTcuFHHrZ7jzb5y2WWjrgYHDOfdy5xw/5Uwqy/o2Kiura+sb1c3a1vbO7p65f9CVSSYI7ZCEJ6Lvg6ScxbSjmOK0nwoKkc9pzx/fTv3eIxWSJfGDmqTUjWAUs4ARUFryzCMnBJVD4eUsLvA5doCnIXiWZ9athjUDXiZ2SeqoRNszv5xhQrKIxopwkHJgW6lycxCKEU6LmpNJmgIZw4gONI0hotLNZwEKfKqVIQ4SoV+s8Ez9vZFDJOUk8vVkBCqUi95U/M8bZCq4dnW0NFM0JvNDQcaxSvC0DTxkghLFJ5oAEUz/FZMQBBClO6vpEuzFyMuk22zYl43m/UW9dVPWUUXH6ASdIRtdoRa6Q23UQQQV6Bm9ojfjyXgx3o2P+WjFKHcO0R8Ynz8YFZYU</latexit>

âin + ↵0

detuning

<latexit sha1_base64="TkMBagQrI893fYDnPIhaFhVrxWk=">AAACZHicbVFbaxQxFM6Ml9a12qnFJ0EOLkJFXGYWqb4IRX3wsYLbFjbLcCaT2QmbuZicKSxh/qRvPvri7zB7A209EPj4LiTnS9ZqZSmOfwbhnbv37u/tPxg8PHj0+DA6enJhm84IORGNbsxVhlZqVcsJKdLyqjUSq0zLy2zxaaVfXktjVVN/o2UrZxXOa1UogeSpNHK8MChcDrxEctj3LqcePgDXsqATUMA/S00Ib2Bj5AtsW+ zduAdu1LykV7skvAZuvxvaWXZ86lS9FjM0rujTGDjqtsQ0TqNhPIrXA7dBsgVDtp3zNPrB80Z0laxJaLR2msQtzRwaUkLLfsA7K1sUC5zLqYc1VtLO3LqkHl56JoeiMf7UBGv274TDytpllXlnhVTam9qK/J827ah4P/NLth3JWmwuKjoN1MCqcciVkYL00gMURvm3gijRl0n+Xwa+hOTmyrfBxXiUnI7GX98Ozz5u69hnz9gLdsIS9o6dsS/snE2YYL+CvSAKjoLf4UF4HD7dWMNgmzlm/0z4/A8jTbdJ</latexit>

dâ

dt
=

⇣
i�� 

2

⌘
â+

p
âin + f̄0↵0

damping (cavity losses)<latexit sha1_base64="UNLRZjkSLfOv1sD+8isUgLjtWBk=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtF1ItQ9OKxgv2QdinZNNuGJtmQZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5keLMWN//9lZW19Y3Ngtbxe2d3b390sFh0ySpJrRBEp7odoQN5UzShmWW07bSFIuI01Y0up36rSeqDUvkgx0rGgo8kCxmBFsnPXZHWCmMrlGvVPYr/gxomQQ5KUOOeq/01e0nJBVUWsKxMZ3AVzbMsLaMcDopdlNDFSYjPKAdRyUW1ITZ7OAJOnVKH8WJdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcakSi2VZL4oTjmyCZp+j/pMU2L52BFMNHO3IjLEGhPrMiq6EILFl5dJs1oJLirV+/Ny7SaPowDHcAJnEMAl1OAO6tAAAgKe4RXePO29eO/ex7x1xctnjuAPvM8fzIGPwQ==</latexit> =
<latexit sha1_base64="nzr+GVjxIyPRWGmuPYoSQnpWnAI=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSRL0IRS8eK9gPaEOYbDft0s0m7G6EGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZKa+sbm1vl7crO7t5+1T447Kg4lYS2Scxj2QtAUc4EbWumOe0lkkIUcNoNJrczv/tIpWKxeNDThHoRjAQLGQFtJN+uDsagM8j9jIkcX2Pfrjl1Zw68StyC1FCBlm9/DYYxSSMqNOGgVN91Eu1lIDUjnOaVQapoAmQCI9o3VEBElZfND8/xqVGGOIylKaHxXP09kUGk1DQKTGcEeqyWvZn4n9dPdXjlmZeSVFNBFovClGMd41kKeMgkJZpPDQEimbkVkzFIINpkVTEhuMsvr5JOo+5e1Bv357XmTRFHGR2jE3SGXHSJmugOtVAbEZSiZ/SK3qwn68V6tz4WrSWrmDlCf2B9/gBdSpLl</latexit>

âin = input noise

(noise+laser)



Noise spectrum of the cavity
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Average radiation + noise:
<latexit sha1_base64="jquPC3d3SqxEqopK3ZjEWdnlxfM=">AAACC3icbZDJSgNBEIZ7XGPcoh69NAmCIISZIOpFCHrxGMEskBlCTU8nadKz0F0jhCF3L76KFw+KePUFvPk2dhZBEwsaPv6/iur6/UQKjbb9ZS0tr6yurec28ptb2zu7hb39ho5TxXidxTJWLR80lyLidRQoeStRHEJf8qY/uB77zXuutIijOxwm3AuhF4muYIBG6hSKbh8wgxG9pK4Pakwn1A24RPhxOoWSXbYnRRfBmUGJzKrWKXy6QczSkEfIJGjdduwEvQwUCib5KO+mmifABtDjbYMRhFx72eSWET0ySkC7sTIvQjpRf09kEGo9DH3TGQL29bw3Fv/z2il2L7xMREmKPGLTRd1UUozpOBgaCMUZyqEBYEqYv1LWBwUMTXx5E4Izf/IiNCpl56xcuT0tVa9mceTIISmSY+KQc1IlN6RG6oSRB/JEXsir9Wg9W2/W+7R1yZrNHJA/ZX18A8cVmkI=</latexit>

â = ā+ �â

<latexit sha1_base64="lhsPt6m7v3nPICF7b1cJy8/CjqI="></latexit>⇣
i�� 

2

⌘
ā+ f̄0↵0 = 0

<latexit sha1_base64="WIdzyCkDsUNg3LEXEtZrP/MjQY4="></latexit>

d�â

dt
=

⇣
i�� 

2

⌘
�â+

p
âin

<latexit sha1_base64="OQMA1TPstBytaN7kovaoRRk8GeY=">AAACE3icbVA9SwNBEN3z2/gVtbRZDIJYhLsgaiMEbSwVjAZyMcxt9pLFvb1jdy4QLvcfbPwrNhaK2NrY+W/cfBRqfDDweG+GmXlBIoVB1/1yZmbn5hcWl5YLK6tr6xvFza0bE6ea8RqLZazrARguheI1FCh5PdEcokDy2+D+fOjf9rg2IlbX2E94M4KOEqFggFZqFQ8yX/IQB9QPQGeQU1+LThcH+V2Fno5FlbcyBr28VSy5ZXcEOk28CSmRCS5bxU+/HbM04gqZBGManptgMwONgkmeF/zU8ATYPXR4w1IFETfNbPRTTves0qZhrG0ppCP150QGkTH9KLCdEWDX/PWG4n9eI8XwpJkJlaTIFRsvClNJMabDgGhbaM5Q9i0BpoW9lbIuaGBoYyzYELy/L0+Tm0rZOypXrg5L1bNJHEtkh+ySfeKRY1IlF+SS1AgjD+SJvJBX59F5dt6c93HrjDOZ2Sa/4Hx8A3EinoY=</latexit>

|ā|2 = n̄cav

Solution

<latexit sha1_base64="9IVvPYt+LmjsAkqt3HYYR96PZQg=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mKqMeiF48V7Ae0oWy2m3TtZjfsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MOVMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1jJThLaI5FJ1Q6wpZ4K2DDOcdlNFcRJy2gnHtzO/80SVZlI8mElKgwTHgkWMYGOlttuPY+QPKlWv5s2BVolfkCoUaA4qX/2hJFlChSEca93zvdQEOVaGEU6nbj/TNMVkjGPas1TghOogn187RWdWGaJIKlvCoLn6eyLHidaTJLSdCTYjvezNxP+8Xmai6yBnIs0MFWSxKMo4MhLNXkdDpigxfGIJJorZWxEZYYWJsQG5NgR/+eVV0q7X/Mta/f6i2rgp4ijDCZzCOfhwBQ24gya0gMAjPMMrvDnSeXHenY9Fa8kpZo7hD5zPHzyxjkI=</latexit>� 1

<latexit sha1_base64="TYruCoDRp6TSdNmpST1y/WM2lTA="></latexit>

�â[!] =

p
 âin[!]


2 � i! � i�

<latexit sha1_base64="kVxHhqtiH4Oas1RHngQDD92yk+s=">AAACbHicbVFdSxtBFJ3d2tamH8baB0UKQ0NLaWnYDUV9KUh98UksNCpkknB39u5mcPbDmbuFsO5T/2Hf+hN88Td0EmOt2gMDh3Pu4c6ciUqtLAXBb89/sPTw0ePlJ62nz56/WGmvvjyyRWUk9mWhC3MSgUWtcuyTIo0npUHIIo3H0enezD/+gcaqIv9O0xKHGaS5SpQEctK4/VNMgOqDhn/hcwbNqBYxpCma5lrhn3gtNCZ0zk UEZqYIo9IJnTejHhdWZXh27Yw+cBGjJvgb/ngTumXc7Bm3O0E3mIPfJ+GCdNgCh+P2LxEXssowJ6nB2kEYlDSswZCSGpuWqCyWIE8hxYGjOWRoh/W8rIa/dUrMk8K4kxOfq/8masisnWaRm8yAJvauNxP/5w0qSnaGtcrLijCXV4uSSnMq+Kx5HiuDkvTUEZBGubtyOQEDktz/tFwJ4d0n3ydHvW641e19+9zZ/bqoY5ltsjfsPQvZNttl++yQ9ZlkF96Kt+5teJf+K3/Tf3016nuLzBq7Bf/dH0Emu7k=</latexit>

N̂ = â†â� |ā|2 ' ā⇤�â+ ā�â†

<latexit sha1_base64="ClcPnUalLQDm49abDqlyFhgCrqQ="></latexit>Z +1

�1
dt ei!t

D
N̂(t)N̂(0)

E
= n̄cav


2

4 + (! +�)2

fluctuations of the photon number

<latexit sha1_base64="AixR2xnTV06OAOzdFR259i6rAvw=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgxEvYDaIeQ7x4jGAekF2W2UknGTIzu87MCiHm4K948aCIV3/Dm3/j5HHQxIKGoqqb7q4o4Uwb1/12Miura+sb2c3c1vbO7l5+/6Ch41RRqNOYx6oVEQ2cSagbZji0EgVERBya0eB64jcfQGkWyzszTCAQpCdZl1FirBTmj2RYLfqxgB4J6Rn2NRNwj90wX3BL7hR4mXhzUkBz1ML8l9+JaSpAGsqJ1m3PTUwwIsowymGc81MNCaED0oO2pZII0MFoev8Yn1qlg7uxsiUNnqq/J0ZEaD0Uke0UxPT1ojcR//PaqeleBSMmk9SApLNF3ZRjE+NJGLjDFFDDh5YQqpi9FdM+UYQaG1nOhuAtvrxMGuWSd1Eq354XKtV5HFl0jE5QEXnoElXQDaqhOqLoET2jV/TmPDkvzrvzMWvNOPOZQ/QHzucPTaKVAA==</latexit>

nB(!c) ' 0
(zero temperature limit)

<latexit sha1_base64="CcpUeqZ4H3bSivg4J33XGslnKWU="></latexit>Z +1

�1
dt ei!t

⌦
�â(t)�â†(0)

↵
=


2

4 + (! +�)2
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<latexit sha1_base64="+dwYgrpJzDyUUT01LmYE7tiwTlo="></latexit>

Ĥs = ~
h
!câ

†
â� g0

⇣
b̂+ b̂

†
⌘
â
†
â+ !mb̂

†
b̂

i
,

cavity 
mode

mechanical 
mode

interaction
<latexit sha1_base64="ieoJK/ckrR+1epiGo1CwuTetoEw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoCGWmiLpRim5cVrAP6AxDJs20oZkHSUZahvkbN/6KG0FFdOmfmGlH1NYDgZNz7r3JPW7EqJCG8aEVFhaXlleKq6W19Y3NLX17pyXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7vAq89t3hAsaBrdyHBHbR/2AehQjqSRHv7BCn/SRgyujQwjP4fcVHkHL4wgnVoS4pIjlTvojjFI4cvSyUTUmgPPEzEkZ5Gg4+rPVC3Hsk0BihoTomkYk7SQbiRlJS1YsSITwEPVJV9EA+UTYyWTPFB4opQe9kKsTSDhRf3ckyBdi7Luq0kdyIGa9TPzP68bSO7MTGkSxJAGePuTFDMoQZqHBHuUESzZWBGFO1V8hHiAVj1TRllQI5uzK86RVq5on1drNcbl+mcdRBHtgH1SACU5BHVyDBmgCDO7BI3gBr9qD9qS9ae/T0oKW9+yCP9A+vwDmaaVs</latexit>

!c(x) = !c +
@!

@x
x

<latexit sha1_base64="ieoJK/ckrR+1epiGo1CwuTetoEw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoCGWmiLpRim5cVrAP6AxDJs20oZkHSUZahvkbN/6KG0FFdOmfmGlH1NYDgZNz7r3JPW7EqJCG8aEVFhaXlleKq6W19Y3NLX17pyXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7vAq89t3hAsaBrdyHBHbR/2AehQjqSRHv7BCn/SRgyujQwjP4fcVHkHL4wgnVoS4pIjlTvojjFI4cvSyUTUmgPPEzEkZ5Gg4+rPVC3Hsk0BihoTomkYk7SQbiRlJS1YsSITwEPVJV9EA+UTYyWTPFB4opQe9kKsTSDhRf3ckyBdi7Luq0kdyIGa9TPzP68bSO7MTGkSxJAGePuTFDMoQZqHBHuUESzZWBGFO1V8hHiAVj1TRllQI5uzK86RVq5on1drNcbl+mcdRBHtgH1SACU5BHVyDBmgCDO7BI3gBr9qD9qS9ae/T0oKW9+yCP9A+vwDmaaVs</latexit>

!c(x) = !c +
@!

@x
x

<latexit sha1_base64="ieoJK/ckrR+1epiGo1CwuTetoEw=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoCGWmiLpRim5cVrAP6AxDJs20oZkHSUZahvkbN/6KG0FFdOmfmGlH1NYDgZNz7r3JPW7EqJCG8aEVFhaXlleKq6W19Y3NLX17pyXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7vAq89t3hAsaBrdyHBHbR/2AehQjqSRHv7BCn/SRgyujQwjP4fcVHkHL4wgnVoS4pIjlTvojjFI4cvSyUTUmgPPEzEkZ5Gg4+rPVC3Hsk0BihoTomkYk7SQbiRlJS1YsSITwEPVJV9EA+UTYyWTPFB4opQe9kKsTSDhRf3ckyBdi7Luq0kdyIGa9TPzP68bSO7MTGkSxJAGePuTFDMoQZqHBHuUESzZWBGFO1V8hHiAVj1TRllQI5uzK86RVq5on1drNcbl+mcdRBHtgH1SACU5BHVyDBmgCDO7BI3gBr9qD9qS9ae/T0oKW9+yCP9A+vwDmaaVs</latexit>

!c(x) = !c +
@!

@x
x

<latexit sha1_base64="ihxNcRwc0GojLRFQ1s21uSivqE0="></latexit>

g0 = �@!c

@x

r
~

2m!m
coupling constant

Radiation pressure
<latexit sha1_base64="LF0ytncnO8NmzrGY5gEW7KULoWk="></latexit>D
F̂q

E
=

~!c

L
n̄cav

<latexit sha1_base64="LF0ytncnO8NmzrGY5gEW7KULoWk="></latexit>D
F̂q

E
=

~!c

L
n̄cav

(      static shift of the mechanical resonator)
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Linerarization of the interaction 
<latexit sha1_base64="jquPC3d3SqxEqopK3ZjEWdnlxfM=">AAACC3icbZDJSgNBEIZ7XGPcoh69NAmCIISZIOpFCHrxGMEskBlCTU8nadKz0F0jhCF3L76KFw+KePUFvPk2dhZBEwsaPv6/iur6/UQKjbb9ZS0tr6yurec28ptb2zu7hb39ho5TxXidxTJWLR80lyLidRQoeStRHEJf8qY/uB77zXuutIijOxwm3AuhF4muYIBG6hSKbh8wgxG9pK4Pakwn1A24RPhxOoWSXbYnRRfBmUGJzKrWKXy6QczSkEfIJGjdduwEvQwUCib5KO+mmifABtDjbYMRhFx72eSWET0ySkC7sTIvQjpRf09kEGo9DH3TGQL29bw3Fv/z2il2L7xMREmKPGLTRd1UUozpOBgaCMUZyqEBYEqYv1LWBwUMTXx5E4Izf/IiNCpl56xcuT0tVa9mceTIISmSY+KQc1IlN6RG6oSRB/JEXsir9Wg9W2/W+7R1yZrNHJA/ZX18A8cVmkI=</latexit>

â = ā+ �â
<latexit sha1_base64="eovQR2kGnquMSLJ0gE52OJssTmU=">AAACgnicbVFbb9MwFHbCgFFuHTzyYlFV6oYoyZiAB5AmeNnjkOg2qUmjE+ckseZcZJ8gVVF+CH+LN34NuE0eoOVIlj5/F/v4OK6VNOR5vxz3zsHde/cPH4wePnr85On46NmVqRotcCEqVembGAwqWeKCJCm8qTVCESu8jm+/bPTr76iNrMpvtK4xLCArZSoFkKWi8Y8gB2ovuqiVJXWrdoZpetzxT/x1kMegeRZ5nAcKU1oGdt 9CtzrhQYKKgG+j0PFX1tFrO8qqDRLIMtRW0DLLKeyPmvWGeBMd0J71OBpPvLm3Lb4P/AFM2FCX0fhnkFSiKbAkocCYpe/VFLagSQqF3ShoDNYgbiHDpYUlFGjCdjvCjk8tk/C00naVxLfs34kWCmPWhW15WgDlZlfbkP/Tlg2lH0I73LohLEV/UdooThXf/AdPpEZBam0BCC1tr1zkoEGQ/bWRHYK/++R9cHU699/NT7+eTc4/D+M4ZC/YSzZjPnvPztkFu2QLJthvZ+rMnTfugXvi+u7b3uo6Q+Y5+6fcj38ATZLCKw==</latexit>

Ĥ
(eff)
int = �~g0

⇥
ā
⇤
�â+ ā�â

†⇤
⇣
b̂+ b̂

†
⌘

<latexit sha1_base64="ZF9UQNqwUIn47cBK1aN6hNozgqs=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclaSIuhGKblxWsA9oQphMJ+nQySTOTAolzc6Nv+LGhSJu/QV3/o3TNgttPXDhcM693HuPnzAqlWV9G0vLK6tr66WN8ubW9s6uubffknEqMGnimMWi4yNJGOWkqahipJMIgiKfkbY/uJn47SERksb8Xo0S4kYo5DSgGCkteebROBzDKxh6FnTkg1CZ4yOR8dzLMBrmuWdWrKo1BVwkdkEqoEDDM7+cXozTiHCFGZKya1uJcjMkFMWM5GUnlSRBeIBC0tWUo4hIN5v+kcMTrfRgEAtdXMGp+nsiQ5GUo8jXnRFSfTnvTcT/vG6qgks3ozxJFeF4tihIGVQxnIQCe1QQrNhIE4QF1bdC3EcCYaWjK+sQ7PmXF0mrVrXPq7W7s0r9uoijBA7BMTgFNrgAdXALGqAJMHgEz+AVvBlPxovxbnzMWpeMYuYA/IHx+QMMMZl2</latexit>

|g| = g0
p
n̄cav renormalized interaction constant

<latexit sha1_base64="9b3lAGu2847CaxVoXOXY2VroXxg=">AAAClnicbVFbaxNBFJ5dbzVemtoXwZeDoVAxht0gVR+U0ir6GMG0hUwMZ2dnN0NmL86cFcKyP8k/45v/xskmgZp6YODj+85tvhOVWlkKgj+ef+v2nbv39u53Hjx89Hi/e/DkwhaVEXIsCl2Yqwit1CqXY1Kk5VVpJGaRlpfR4nylX/6Uxqoi/0bLUk4zTHOVKIHkqFn3F08MijoGHktNCHyOVGPT1DE18B64lgkdgwL+sZVfwT qfL7AssamHDXCj0jm92GkAL4HbH4a2mcD7sNVmtcpXCQrS7YBWidqqNfpex5im0lzr34f+rNsLBkEbcBOEG9BjmxjNur95XIgqkzkJjdZOwqCkaY2GlNCy6fDKyhLFAlM5cTDHTNpp3drawJFjYkgK415O0LLXK2rMrF1mbu2jDGlud7UV+T9tUlHydupMKCuSuVgPSioNVMDqRhArIwXppQMojHK7gpij853cJTvOhHD3yzfBxXAQngyGX1/3Ts82duyxZ+w5O2Yhe8NO2Rc2YmMmvEPvnXfmnftP/Q/+J//zOtX3NjWH7J/wR38BWSjHqw==</latexit>

d�â

dt
=

⇣
i�� 

2

⌘
�â+

p
 âin + ig

⇣
b̂+ b̂dagger

⌘
,

<latexit sha1_base64="auXLeS1bru9GBkEdA2AcoNR+2Qg=">AAAClnicbVFda9swFJW9ry77ytaXwV7EQqFja7DDWNuHjdIyuscMlrYQZeZalh1Ryfak60IQ/kn7M3vbv5niJKxrd0FwdM49XN2jtFbSYhT9DsI7d+/df7D1sPfo8ZOnz/rPX5zZqjFcTHilKnORghVKlmKCEpW4qI0AnSpxnl6eLPXzK2GsrMpvuKjFTENRylxyQE8l/Z8sN8BdRtkc0KVt6zJs6UfKlMhxl+5JyiotCkicbu keXXWzU9AaEt26UcuMLOb4ZuOnbymzPwz+7aHs3UZMnCyXHZIWmwEsEwqh06EzX79/dyyDohBmMyXpD6Jh1BW9DeI1GJB1jZP+L5ZVvNGiRK7A2mkc1ThzYFByJdoea6yogV9CIaYelqCFnbku1pbueCajeWX8KZF27HWHA23tQvuldzTg3N7UluT/tGmD+cHMZ1E3KEq+GpQ3imJFl39EM2kER7XwALiR/q2Uz8Enj/4nez6E+ObKt8HZaBh/GI6+vh8cHa/j2CKvyGuyS2KyT47IFzImE8KD7eAwOA5Owpfhp/BzeLpqDYO1Z5v8U+H4D9AFycg=</latexit>

db̂

dt
=

✓
�i!m � �m

2

◆
b̂+

p
�m b̂in + ig

�
�â+ �â†

�

Linearized quantum Langevin equations (in the frame of the laser)

<latexit sha1_base64="J9wClu0+ITedNDe3kIVQ3JHUXBc=">AAACpnicbVHbbhMxEPUutxJuAR55sYiQglCjJEK0L0gVSBReULmkqRSny6zXu7Fq727tWaTI8qfxE7zxNziblUpbRrJ05sycsX0mrZW0OB7/ieIbN2/dvrNzt3fv/oOHj/qPnxzbqjFczHilKnOSghVKlmKGEpU4qY0AnSoxT8/eb+rzn8JYWZXfcV2LpYailLnkgIFK+r9YboC77HRK2QrQnXvvMvT0Ld1llRYFJPqiRHcpOw StA0k73SXRK8oyoRC2/R984mTZsm0vW6Vg6CFl9tygYyFxpU+4p95pT5kSOQ67Aa0eLgZ2+aljGRSFMJ4ZWazwZdIfjEfjNuh1MOnAgHRxlPR/s6zijRYlcgXWLibjGpcODEquhO+xxooa+BkUYhFgCVrYpWtt9vRFYDKaVyacEmnL/qtwoK1d6zR0asCVvVrbkP+rLRrM95fBq7pBUfLtRXmjKFZ0szOaSSM4qnUAwI0Mb6V8BcFTDJvtBRMmV798HRxPR5M3o+mX14ODd50dO+QZeU6GZEL2yAH5SI7IjPBoEH2Kvkbf4mH8OZ7F821rHHWap+RSxD/+AsV90bQ=</latexit>

d2q̂

dt
= �!2

mq̂ � �m
dq̂

dt
+ �F̂in +

~G
p
n̄c

m

�
�â+ �â†

�
or

cavity mode

mechanical 
mode

<latexit sha1_base64="auXLeS1bru9GBkEdA2AcoNR+2Qg="></latexit>

db̂

dt
=

✓
�i!m � �m

2

◆
b̂+

p
�m b̂in + ig

�
�â+ �â†

�
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Optical backaction

<latexit sha1_base64="MWeJYIPKIUPMJfaXS7eWe550vf0=">AAACuXicbVFdi9NAFJ3Er7V+VX30ZbAIK3VLUmRXEGFRH3xcwe4udGK5mdwkYycfOzMRypD/KL75b5w0sWjXC4GTc86dk5yJaym0CYJfnn/j5q3bdw7uju7df/Dw0fjxk3NdNYrjgleyUpcxaJSixIURRuJlrRCKWOJFvP7Q6RffUWlRlV/MpsaogKwUqeBgHLUa/2AJSgOU5WAstEtWFZhB9I6yVAG3lOkrZSxbQ11DS9mrP8 aVFeXO3drePdjsvKVHVNBepUcOfexCOrY3Zm5jK057ZSr2D3BZElNz2OfFu6jp8P7VsgSyDNVOYUpkuXm5Gk+CWbAdeh2EA5iQYc5W458sqXhTYGm4BK2XYVCbyIIygktsR6zRWANfQ4ZLB0soUEd223xLXzgmoWml3FMaumX/3rBQaL0pYucswOR6X+vI/2nLxqRvItdx3RgseR+UNpKainbXSBOhkBu5cQC4Eu5bKc/BdWjcZY9cCeH+L18H5/NZeDybf349OX0/1HFAnpHn5JCE5ISckk/kjCwI94495qGX+m998HP/W2/1vWHnKflnfP0b26HafQ==</latexit>

�â[!] =

p
 âin[!]


2 � i! � i�

� g

! +�+ i2

⇣
b̂[!] + b̂†[!]

⌘
solution for the cavity mode

solution for the mechanical mode
<latexit sha1_base64="afULf41CbbsHi1irTK48dKOP5nY="></latexit>

q̂[!] = �eff (!)

"
�F̂in + ~G

p
n̄cav

 p
 âin[!]


2 � i (! +�)

+

p
 â†in[!]


2 + i (�� !)

!#

noise injected and filter by the cavity 

optical spring effect 
(shift of the mechanical frequency)

<latexit sha1_base64="y/KTyfrk7emMf3Q7q3A6nct0G/I=">AAAB/HicbVBNS8NAEN3Ur1q/qj16WSyCp5IUUY9FD3qsYD+gCWGy3aRLd5OwuxFKqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zMC1LOlLbtb6u0tr6xuVXeruzs7u0fVA+PuirJJKEdkvBE9gNQlLOYdjTTnPZTSUEEnPaC8c3M7z1SqVgSP+hJSj0BUcxCRkAbya/W3DGkKWA3irB7C0KAL/xq3W7Yc+BV4hSkjgq0/eqXO0xIJmisCQelBo6dai8HqRnhdFpxM0VTIGOI6MDQGARVXj4/fopPjTLEYSJNxRrP1d8TOQilJiIwnQL0SC17M/E/b5Dp8MrLWZxmmsZksSjMONYJniWBh0xSovnEECCSmVsxGYEEok1eFROCs/zyKuk2G85Fo3l/Xm9dF3GU0TE6QWfIQZeohe5QG3UQQRP0jF7Rm/VkvVjv1seitWQVMzX0B9bnD+rRlE4=</latexit>

 � �m

<latexit sha1_base64="dxrBMY+lddqXd1GglddSnpwoe2s="></latexit>

�eff (!) =
1

!2
m + 2!m�!opt � !2 � i (�+ �opt)!

optomechanical damping
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Optomechanical 
damping

blue detuningred detuning

<latexit sha1_base64="baW8BXd4oTZU/1D2X3ztd/GRJpQ="></latexit>

�opt = g2
 


2

4 + (�+ !m)2
� 

2

4 + (�� !m)2

!

<latexit sha1_base64="Ec9QIXG2OAANIIarARmVHx4EzfM=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApCEJJiqjLohsXLirYC7QhTKan7dCZJM5MhBL6BG58FTcuFHHr2p1v47SNoK0/DHz85xzOnD+IOVPacb6s3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooCzEOqaaQ6tWAIRAYdmMLyc1Jv3IBWLwls9isETpB+yHqNEG8u3S51IQJ/4KR3jjmIC7nDmXOPjHxS+XXTKzlR4EdwMiihTzbc/O92IJgJCTTlRqu06sfZSIjWjHMaFTqIgJnRI+tA2GBIBykun54xxyThd3IukeaHGU/f3REqEUiMRmE5B9EDN1ybmf7V2onvnXsrCONEQ0tmiXsKxjvAkG9xlEqjmIwOESmb+iumASEK1SbBgQnDnT16ERqXsnpYrNyfF6kUWRx4doEN0hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n7XmrGxmH/2R9fENXQ2bqg==</latexit>

!c ' !L + !m
<latexit sha1_base64="Ytt7WQ5w7ZRlVSVFbLldV+OSvjs=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAI2Bh2g6hl0MbCIoK5QLIss5OTZMjM7jozK4QlT2Djq9hYKGJrbefbOElW0MQfBj7+cw5nzh/EnCntOF9Wbml5ZXUtv17Y2Nza3rF39xoqSiSFOo14JFsBUcBZCHXNNIdWLIGIgEMzGF5O6s17kIpF4a0exeAJ0g9Zj1GijeXbpU4koE/8lI5xRzEBdzhzrvHxDwrfLjplZyq8CG4GRZSp5tufnW5EEwGhppwo1XadWHspkZpRDuNCJ1EQEzokfWgbDIkA5aXTc8a4ZJwu7kXSvFDjqft7IiVCqZEITKcgeqDmaxPzv1o70b1zL2VhnGgI6WxRL+FYR3iSDe4yCVTzkQFCJTN/xXRAJKHaJFgwIbjzJy9Co1J2T8uVm5Ni9SKLI48O0CE6Qi46Q1V0hWqojih6QE/oBb1aj9az9Wa9z1pzVjazj/7I+vgGYCebrA==</latexit>!c ' !L � !m

<latexit sha1_base64="Ec9QIXG2OAANIIarARmVHx4EzfM=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApCEJJiqjLohsXLirYC7QhTKan7dCZJM5MhBL6BG58FTcuFHHr2p1v47SNoK0/DHz85xzOnD+IOVPacb6s3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooCzEOqaaQ6tWAIRAYdmMLyc1Jv3IBWLwls9isETpB+yHqNEG8u3S51IQJ/4KR3jjmIC7nDmXOPjHxS+XXTKzlR4EdwMii hTzbc/O92IJgJCTTlRqu06sfZSIjWjHMaFTqIgJnRI+tA2GBIBykun54xxyThd3IukeaHGU/f3REqEUiMRmE5B9EDN1ybmf7V2onvnXsrCONEQ0tmiXsKxjvAkG9xlEqjmIwOESmb+iumASEK1SbBgQnDnT16ERqXsnpYrNyfF6kUWRx4doEN0hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n7XmrGxmH/2R9fENXQ2bqg==</latexit>

!c ' !L + !m
<latexit sha1_base64="Ec9QIXG2OAANIIarARmVHx4EzfM=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApCEJJiqjLohsXLirYC7QhTKan7dCZJM5MhBL6BG58FTcuFHHr2p1v47SNoK0/DHz85xzOnD+IOVPacb6s3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooCzEOqaaQ6tWAIRAYdmMLyc1Jv3IBWLwls9isETpB+yHqNEG8u3S51IQJ/4KR3jjmIC7nDmXOPjHxS+XXTKzlR4EdwMiihTzbc/O92IJgJCTTlRqu06sfZSIjWjHMaFTqIgJnRI+tA2GBIBykun54xxyThd3IukeaHGU/f3REqEUiMRmE5B9EDN1ybmf7V2onvnXsrCONEQ0tmiXsKxjvAkG9xlEqjmIwOESmb+iumASEK1SbBgQnDnT16ERqXsnpYrNyfF6kUWRx4doEN0hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n7XmrGxmH/2R9fENXQ2bqg==</latexit>

!c ' !L + !m

<latexit sha1_base64="Ec9QIXG2OAANIIarARmVHx4EzfM=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApCEJJiqjLohsXLirYC7QhTKan7dCZJM5MhBL6BG58FTcuFHHr2p1v47SNoK0/DHz85xzOnD+IOVPacb6s3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooCzEOqaaQ6tWAIRAYdmMLyc1Jv3IBWLwls9isETpB+yHqNEG8u3S51IQJ/4KR3jjmIC7nDmXOPjHxS+XXTKzlR4EdwMii hTzbc/O92IJgJCTTlRqu06sfZSIjWjHMaFTqIgJnRI+tA2GBIBykun54xxyThd3IukeaHGU/f3REqEUiMRmE5B9EDN1ybmf7V2onvnXsrCONEQ0tmiXsKxjvAkG9xlEqjmIwOESmb+iumASEK1SbBgQnDnT16ERqXsnpYrNyfF6kUWRx4doEN0hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n7XmrGxmH/2R9fENXQ2bqg==</latexit>

!c ' !L + !m

<latexit sha1_base64="Ec9QIXG2OAANIIarARmVHx4EzfM=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApCEJJiqjLohsXLirYC7QhTKan7dCZJM5MhBL6BG58FTcuFHHr2p1v47SNoK0/DHz85xzOnD+IOVPacb6s3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooCzEOqaaQ6tWAIRAYdmMLyc1Jv3IBWLwls9isETpB+yHqNEG8u3S51IQJ/4KR3jjmIC7nDmXOPjHxS+XXTKzlR4EdwMiihTzbc/O92IJgJCTTlRqu06sfZSIjWjHMaFTqIgJnRI+tA2GBIBykun54xxyThd3IukeaHGU/f3REqEUiMRmE5B9EDN1ybmf7V2onvnXsrCONEQ0tmiXsKxjvAkG9xlEqjmIwOESmb+iumASEK1SbBgQnDnT16ERqXsnpYrNyfF6kUWRx4doEN0hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n7XmrGxmH/2R9fENXQ2bqg==</latexit>

!c ' !L + !m
<latexit sha1_base64="Ec9QIXG2OAANIIarARmVHx4EzfM=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApCEJJiqjLohsXLirYC7QhTKan7dCZJM5MhBL6BG58FTcuFHHr2p1v47SNoK0/DHz85xzOnD+IOVPacb6s3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooCzEOqaaQ6tWAIRAYdmMLyc1Jv3IBWLwls9isETpB+yHqNEG8u3S51IQJ/4KR3jjmIC7nDmXOPjHxS+XXTKzlR4EdwMiihTzbc/O92IJgJCTTlRqu06sfZSIjWjHMaFTqIgJnRI+tA2GBIBykun54xxyThd3IukeaHGU/f3REqEUiMRmE5B9EDN1ybmf7V2onvnXsrCONEQ0tmiXsKxjvAkG9xlEqjmIwOESmb+iumASEK1SbBgQnDnT16ERqXsnpYrNyfF6kUWRx4doEN0hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n7XmrGxmH/2R9fENXQ2bqg==</latexit>

!c ' !L + !m

<latexit sha1_base64="Ec9QIXG2OAANIIarARmVHx4EzfM=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApCEJJiqjLohsXLirYC7QhTKan7dCZJM5MhBL6BG58FTcuFHHr2p1v47SNoK0/DHz85xzOnD+IOVPacb6s3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooCzEOqaaQ6tWAIRAYdmMLyc1Jv3IBWLwls9isETpB+yHqNEG8u3S51IQJ/4KR3jjmIC7nDmXOPjHxS+XXTKzlR4EdwMiihTzbc/O92IJgJCTTlRqu06sfZSIjWjHMaFTqIgJnRI+tA2GBIBykun54xxyThd3IukeaHGU/f3REqEUiMRmE5B9EDN1ybmf7V2onvnXsrCONEQ0tmiXsKxjvAkG9xlEqjmIwOESmb+iumASEK1SbBgQnDnT16ERqXsnpYrNyfF6kUWRx4doEN0hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n7XmrGxmH/2R9fENXQ2bqg==</latexit>

!c ' !L + !m

<latexit sha1_base64="5l6+d9jTp8XnmSEh1yY6OAaKSU0=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRF1IWLogtdVrAPaEOYTCft0HmEmYlSYj/FjQtF3Pol7vwbp20W2nrgwuGce7n3nihhVBvP+3YKK6tr6xvFzdLW9s7unlveb2mZKkyaWDKpOhHShFFBmoYaRjqJIohHjLSj0fXUbz8QpakU92ackICjgaAxxchYKXTLvRvEOQozmZgJvIQeDN2KV/VmgMvEz0kF5GiE7levL3HKiTCYIa27vpeYIEPKUMzIpNRLNUkQHqEB6VoqECc6yGanT+CxVfowlsqWMHCm/p7IENd6zCPbyZEZ6kVvKv7ndVMTXwQZFUlqiMDzRXHKoJFwmgPsU0WwYWNLEFbU3grxECmEjU2rZEPwF19eJq1a1T+r1u5OK/WrPI4iOARH4AT44BzUwS1ogCbA4BE8g1fw5jw5L8678zFvLTj5zAH4A+fzB9QkkxE=</latexit>

�opt < 0

negative damping: emission  of 
phonons are enhanced

<latexit sha1_base64="sIuPpPPZplvPfjnIietogPB5ZLM=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRF1JUUXeiygn1AG8JkOmmHziPMTJQS+yluXCji1i9x5984bbPQ1gMXDufcy733RAmj2njet1NYWV1b3yhulra2d3b33PJ+S8tUYdLEkknViZAmjArSNNQw0kkUQTxipB2Nrqd++4EoTaW4N+OEBBwNBI0pRsZKoVvu3SDOUZjJxEzgJfRg6Fa8qjcDXCZ+TiogRyN0v3p9iVNOhMEMad31vcQEGVKGYkYmpV6qSYLwCA1I11KBONFBNjt9Ao+t0oexVLaEgTP190SGuNZjHtlOjsxQL3pT8T+vm5r4IsioSFJDBJ4vilMGjYTTHGCfKoING1uCsKL2VoiHSCFsbFolG4K/+PIyadWq/lm1dndaqV/lcRTBITgCJ8AH56AObkEDNAEGj+AZvII358l5cd6dj3lrwclnDsAfOJ8/1zKTEw==</latexit>

�opt > 0

positive-damping: absorption of 
phonons are enhanced 

when 
<latexit sha1_base64="Iq1051yqQomEuSxgFn8GcxjiEUM=">AAACBHicbZDLSgMxFIYzXmu9jbrsJlgEQSgzRdSNUHShywr2Au0wZNJMG5rLkGSEMnThxldx40IRtz6EO9/GtJ2Ftv4Q+PjPOZycP0oY1cbzvp2l5ZXVtfXCRnFza3tn193bb2qZKkwaWDKp2hHShFFBGoYaRtqJIohHjLSi4fWk3nogSlMp7s0oIQFHfUFjipGxVuiWujeIcxRyeAJzzGRixvDSg6Fb9ireVHAR/BzKIFc9dL+6PYlTToTBDGnd8b3EBBlShmJGxsVuqkmC8BD1SceiQJzoIJseMYZH1unBWCr7hIFT9/dEhrjWIx7ZTo7MQM/XJuZ/tU5q4osgoyJJDRF4tihOGTQSThKBPaoINmxkAWFF7V8hHiCFsLG5FW0I/vzJi9CsVvyzSvXutFy7yuMogBI4BMfAB+egBm5BHTQABo/gGbyCN+fJeXHenY9Z65KTzxyAP3I+fwCduZbM</latexit>

�m + �opt = 0(ground-state cooling) instability
(self-sustained oscillations)
(see        laser)



Ground state cooling



Ground state cooling
Thermal 

bath
<latexit sha1_base64="RtssiNWJsrAHxHIo3yCbFuzjSgI="></latexit>

Ĥ = Ĥenv + �

r
~

2m!m

⇣
b̂+ b̂

†
⌘
F̂e + ~!mb̂

†
b̂� ~g

⇣
b̂+ b̂

†
⌘
N̂ + Ĥopt

Mechanical resonator as open quantum system

thermal bath interaction with the bath

Emission and absorption rate  (Fermi Golden rule)
<latexit sha1_base64="wJxtlOlZVDH3ii5L1wekLlWbaQs=">AAACHHicbVDLSgMxFM34rPVVdekmWISKUGaqqBuh6EKXFewDOqXcSdM2NMkMSUYpQz/Ejb/ixoUiblwI/o3pQ9DWAyGHc84luSeIONPGdb+cufmFxaXl1Ep6dW19YzOztV3RYawILZOQh6oWgKacSVo2zHBaixQFEXBaDXqXQ796R5Vmobw1/Yg2BHQkazMCxkrNzJF/BUJAM5G+Yp2uAaXCeywPvQE+xzl7H+CfhB9HI3fQzGTdvDsCniXehGTRBKVm5sNvhSQWVBrCQeu650amkYAyjHA6SPuxphGQHnRo3VIJgupGMlpugPet0sLtUNkjDR6pvycSEFr3RWCTAkxXT3tD8T+vHpv2WSNhMooNlWT8UDvm2IR42BRuMUWJ4X1LgChm/4pJFxQQY/tM2xK86ZVnSaWQ907yhZvjbPFiUkcK7aI9lEMeOkVFdI1KqIwIekBP6AW9Oo/Os/PmvI+jc85kZgf9gfP5DXO7oP0=</latexit>

�n!n+1 = (n+ 1)�"
<latexit sha1_base64="KJMFDldUz7fw6tNqJho8CVDxca0=">AAACGXicbVDLSgMxFM34rPVVdekmWAQ3lpki6kYoutBlBfuAtpQ7aaYNTTJDkrGUYX7Djb/ixoUiLnXl35g+BG09EDiccw839/gRZ9q47pezsLi0vLKaWcuub2xubed2dqs6jBWhFRLyUNV90JQzSSuGGU7rkaIgfE5rfv9q5NfuqdIslHdmGNGWgK5kASNgrNTOuc1rEALaiWwq1u0ZUCocYHnspfgCyx+z2QkHcmyl7VzeLbhj4HniTUkeTVFu5z5smsSCSkM4aN3w3Mi0ElCGEU7TbDPWNALShy5tWCpBUN1Kxpel+NAqHRyEyj5p8Fj9nUhAaD0Uvp0UYHp61huJ/3mN2ATnrYTJKDZUksmiIObYhHhUE+4wRYnhQ0uAKGb/ikkPFBBjy8zaErzZk+dJtVjwTgvF25N86XJaRwbtowN0hDx0hkroBpVRBRH0gJ7QC3p1Hp1n5815n4wuONPMHvoD5/Mb70Cg5w==</latexit>

�n!n�1 = n�#
<latexit sha1_base64="ZefU9Tfnh24UOnSzgjliEniU3SA="></latexit>

�" =
�2

~2

✓
~

2m!n

◆
SFF (+!m)

<latexit sha1_base64="dqFfpmD4QhH0gf+ejR9k8IdKcG4="></latexit>

�# =
�2

~2

✓
~

2m!n

◆
SFF (�!m)

<latexit sha1_base64="nxSUrmkwUW1+/Ycg6F0lpbZnK3I="></latexit>

SFF (!) =

Z +1

�1
dt ei!t

D
F̂e(t)F̂e(0)

E
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spectrum of the quantum noise

noise force

emission of 1 phononabsorption of 1 phonon

<latexit sha1_base64="ZefU9Tfnh24UOnSzgjliEniU3SA="></latexit>

�" =
�2

~2

✓
~

2m!n

◆
SFF (+!m)

<latexit sha1_base64="dqFfpmD4QhH0gf+ejR9k8IdKcG4="></latexit>

�# =
�2

~2

✓
~

2m!n

◆
SFF (�!m)



Ground state cooling
Thermal 

bath
<latexit sha1_base64="RtssiNWJsrAHxHIo3yCbFuzjSgI="></latexit>

Ĥ = Ĥenv + �

r
~

2m!m

⇣
b̂+ b̂

†
⌘
F̂e + ~!mb̂

†
b̂� ~g

⇣
b̂+ b̂

†
⌘
N̂ + Ĥopt

Mechanical resonator as open quantum system

Rate equations:

16

<latexit sha1_base64="EKnArz3LfARVczL8Sz1+8eMp7Ws="></latexit>

dpn
dt

= � (�n!n+1 + �n!n�1) pn + �n+1!npn+1 + �n�1!npn�1

<latexit sha1_base64="gHbilyy7T8X6Ew5/ggiTh6tLJ48="></latexit>

dn̄

dt
= � (�# � �") n̄+ �"

<latexit sha1_base64="EKnArz3LfARVczL8Sz1+8eMp7Ws="></latexit>

dpn
dt

= � (�n!n+1 + �n!n�1) pn + �n+1!npn+1 + �n�1!npn�1

Average occupation 

= probability of occupation of the state 

<latexit sha1_base64="EKnArz3LfARVczL8Sz1+8eMp7Ws="></latexit>

dpn
dt

= � (�n!n+1 + �n!n�1) pn + �n+1!npn+1 + �n�1!npn�1

<latexit sha1_base64="omBEJSk+m8pIihovFB1iqI6ASVY=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQWkpSRN0Uim5cVrAPaGKYTCft0MkkzEyEEPIRbvwVNy4UcevCnX/j9LHQ1gOXezjnXmbu8WNGpbKsb6Owsrq2vlHcLG1t7+zumfsHHRklApM2jlgkej6ShFFO2ooqRnqxICj0Gen64+uJ330gQtKI36k0Jm6IhpwGFCOlJc+sOD4SGc9hw5FJ6GW8Yef3WcWhPFBpDjl0qjD2pq3qmWWrZk0Bl4k9J2UwR8szv5xBhJOQcIUZkrJvW7FyMyQUxYzkJSeRJEZ4jIakrylHIZFuNj0qhydaGcAgErq4glP190aGQinT0NeTIVIjuehNxP+8fqKCSzejPE4U4Xj2UJAwqCI4SQgOqCBYsVQThAXVf4V4hATCSudY0iHYiycvk069Zp/X6rdn5ebVPI4iOALH4BTY4AI0wQ1ogTbA4BE8g1fwZjwZL8a78TEbLRjznUPwB8bnD3fsnSY=</latexit>

n̄ =
+1X

n=1

n pn ,

Stationary solution
<latexit sha1_base64="OrkDHZKi6OBp41EAogPRJJr7saU=">AAAB/nicbVBNS8NAEN3Ur1q/quLJS7AInkpSRL0IRS8eK9gPaELZbDbt0s0m7E6EsgT8K148KOLV3+HNf+O2zUFbHww83pthZl6QcqbAcb6t0srq2vpGebOytb2zu1fdP+ioJJOEtknCE9kLsKKcCdoGBpz2UklxHHDaDca3U7/7SKViiXiASUr9GA8FixjBYKRB9ciLJCY69AIstchzHUJ+7QyqNafuzGAvE7cgNVSgNah+eWFCspgKIBwr1XedFHyNJTDCaV7xMkVTTMZ4SPuGChxT5evZ+bl9apTQjhJpSoA9U39PaBwrNYkD0xljGKlFbyr+5/UziK58zUSaARVkvijKuA2JPc3CDpmkBPjEEEwkM7faZIRNHmASq5gQ3MWXl0mnUXcv6o3781rzpoijjI7RCTpDLrpETXSHWqiNCNLoGb2iN+vJerHerY95a8kqZg7RH1ifP9QLlgw=</latexit>

dn̄

dt
= 0

<latexit sha1_base64="CYWszvLY4X84FZNBjBr3/actAlw=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyUpom6EUjcuK9gHNCFMppN26DzCzEQooeCvuHGhiFu/w51/4/Sx0NYDFw7n3Mu998Qpo9p43rezsrq2vrFZ2Cpu7+zu7bsHhy0tM4VJE0smVSdGmjAqSNNQw0gnVQTxmJF2PLyd+O1HojSV4sGMUhJy1Bc0oRgZK0XucRAjlYvxjYjq5UBy0kcRP4/cklfxpoDLxJ+TEpijEblfQU/ijBNhMENad30vNWGOlKGYkXExyDRJER6iPulaKhAnOsyn54/hmVV6MJHKljBwqv6eyBHXesRj28mRGehFbyL+53Uzk1yHORVpZojAs0VJxqCRcJIF7FFFsGEjSxBW1N4K8QAphI1NrGhD8BdfXiatasW/rFTvL0q1+jyOAjgBp6AMfHAFauAONEATYJCDZ/AK3pwn58V5dz5mrSvOfOYI/IHz+QOmUZVJ</latexit>

n̄ = nB(!m)
<latexit sha1_base64="S44EHswaOiGZNH7SNJlktCxh6SY="></latexit>

�"
�#

= e�
~!m
kBT (detailed balance)

damping



Ground state cooling

Thermal 
bath

<latexit sha1_base64="RtssiNWJsrAHxHIo3yCbFuzjSgI="></latexit>

Ĥ = Ĥenv + �

r
~

2m!m

⇣
b̂+ b̂

†
⌘
F̂e + ~!mb̂

†
b̂� ~g

⇣
b̂+ b̂

†
⌘
N̂ + Ĥopt

General model

driven and open 
cavity (single mode)

interaction 
with the cavity

<latexit sha1_base64="nPiaQYCAIX7C/Ym3uPgrPRPmG2Y=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIbiwzVdSNUHTjSirYC3RqOZOmbWgmMySZQhnmQdz4Km5cKOLGheDbmLYjaOsPgY//nMPJ+b2QM6Vt+8vKLCwuLa9kV3Nr6xubW/ntnZoKIklolQQ8kA0PFOVM0KpmmtNGKCn4Hqd1b3A1rteHVCoWiDs9CmnLh55gXUZAG6udP3b7oOObBF/gCUFyH7sd6PWoTH4cfIRdD2QsknZMYJ i08wW7aE+E58FJoYBSVdr5D7cTkMinQhMOSjUdO9StGKRmhNMk50aKhkAG0KNNgwJ8qlrx5LgEHxing7uBNE9oPHF/T8TgKzXyPdPpg+6r2drY/K/WjHT3vBUzEUaaCjJd1I041gEeJ4U7TFKi+cgAEMnMXzHpgwSiTZ45E4Ize/I81EpF57RYuj0plC/TOLJoD+2jQ+SgM1RG16iCqoigB/SEXtCr9Wg9W2/W+7Q1Y6Uzu+iPrM9vQ0OiIQ==</latexit>

N̂ = â†â� n̄cav fluctuating radiation pressure 
(fluctuating number of photons)

cavity

<latexit sha1_base64="dXs5YqtFEbra5dl+XMl5Nm23ccQ="></latexit>

�opt
n!n+1 = (n+ 1)A"

<latexit sha1_base64="UzqLQMOA6uY7/5kEdEpQ0L8T7mc="></latexit>

�opt
n!n�1 = nA# ,

<latexit sha1_base64="Hho/Gj3CqcO060EA8ZBi19XDXak=">AAACFXicbVDLSgMxFM3UV62vqks3wSJULGWmiLoRqoK4KhXtA9o6ZNJ0GppJhiRjKUN/wo2/4saFIm4Fd/6N6WOh1QMXDufcm9x7vJBRpW37y0rMzS8sLiWXUyura+sb6c2tqhKRxKSCBROy7iFFGOWkoqlmpB5KggKPkZrXuxj5tXsiFRX8Vg9C0gqQz2mHYqSN5KZz8MyNm23R50hK0R/CU+jfFeCNG5dKw+xBUwTER+7lPmzmYM5NZ+y8PQb8S5wpyYApym760zyNo4BwjRlSquHYoW7FSGqKGRmmmpEiIcI95JOGoRwFRLXi8VVDuGeUNuwIaYprOFZ/TsQoUGoQeKYzQLqrZr2R+J/XiHTnpBVTHkaacDz5qBMxqAUcRQTbVBKs2cAQhCU1u0LcRRJhbYJMmRCc2ZP/kmoh7xzlC9eHmeL5NI4k2AG7IAsccAyK4AqUQQVg8ACewAt4tR6tZ+vNep+0JqzpzDb4BevjG9ssnLU=</latexit>

A# = g2SNN (+!F ) ,

<latexit sha1_base64="KyBID2q22iNYvHBKAuOyPoBEFYg=">AAACE3icbVDLSsNAFJ34rPVVdelmsAhVakmKqBuhKoirUtE+oIlhMp22QyeZMDNRSug/uPFX3LhQxK0bd/6N0zYLbT1w4XDOvdx7jxcyKpVpfhszs3PzC4uppfTyyuraemZjsyZ5JDCpYs64aHhIEkYDUlVUMdIIBUG+x0jd610M/fo9EZLy4Fb1Q+L4qBPQNsVIacnN7MMzN7ajEAnBHwbwFHbuivDGjcvlQe7A5j7pIPdyD9p5mHczWbNgjgCniZWQLEhQcTNfdovjyCeBwgxJ2bTMUDkxEopiRgZpO5IkRLiHOqSpaYB8Ip149NMA7mqlBdtc6AoUHKm/J2LkS9n3Pd3pI9WVk95Q/M9rRqp94sQ0CCNFAjxe1I4YVBwOA4ItKghWrK8JwoLqWyHuIoGw0jGmdQjW5MvTpFYsWEeF4vVhtnSexJEC22AH5IAFjkEJXIEKqAIMHsEzeAVvxpPxYrwbH+PWGSOZ2QJ/YHz+ADG2m9A=</latexit>

A" = g2SNN (�!F ) ,

17

<latexit sha1_base64="qg0XsIPRKESRTDA/R7Pq4KAmF9A=">AAACE3icbVDLSgMxFM34rPU16tJNsAgiWGZE1I1QdaHLCrYV2mG4k6YazGNIMpYy9B/c+CtuXCji1o07/8b0sfB1IHDuOfcmuSdJOTM2CD69icmp6ZnZwlxxfmFxadlfWa0blWlCa0Rxpa8SMJQzSWuWWU6vUk1BJJw2ktvTgd+4o9owJS9tL6WRgGvJOoyAdVLsbx/HeautuhK0Vt3+zqDM0lGBj3DrDISAOFep7cd+KSgHQ+ C/JByTEhqjGvsf7maSCSot4WBMMwxSG+WgLSOc9outzNAUyC1c06ajEgQ1UT7cqY83ndLGHaXdkRYP1e8TOQhjeiJxnQLsjfntDcT/vGZmO4dRzmSaWSrJ6KFOxrFVeBAQbjNNieU9R4Bo5v6KyQ1oINbFWHQhhL9X/kvqu+Vwv7x7sVeqnIzjKKB1tIG2UIgOUAWdoyqqIYLu0SN6Ri/eg/fkvXpvo9YJbzyzhn7Ae/8C1deexA==</latexit>

A# �A" = �opt optomechanical damping



Ground state cooling

Thermal 
bath

<latexit sha1_base64="RtssiNWJsrAHxHIo3yCbFuzjSgI="></latexit>

Ĥ = Ĥenv + �

r
~

2m!m

⇣
b̂+ b̂

†
⌘
F̂e + ~!mb̂

†
b̂� ~g

⇣
b̂+ b̂

†
⌘
N̂ + Ĥopt

cavity

18

<latexit sha1_base64="lWKc0x1jJh3L49YeJzZ2Tnn2y+0=">AAACVHicbVFdSxtBFJ1dtbWptVEffRkMBaU07EqpvhTUPthHBaNCNoS7s7PJkPlYZu5awrI/Uh8Ef4kvPnQSo8SPCwPnnnMPd+ZMWkjhMIrugnBhcenDx+VPjc8rX1a/NtfWz50pLeMdZqSxlyk4LoXmHRQo+WVhOahU8ot09GeiX1xx64TRZzgueE/BQItcMEBP9ZujJLfAqowmKdhK13WVYf2b/kgkz3GbJsegFPQrVdPvz4 0psKY0sWIwxJ0n45yelAVYa/5NuMO5tt9sRe1oWvQtiGegRWZ10m/eJJlhpeIamQTnunFUYK8Ci4JJXjeS0vEC2AgGvOuhBsVdr5qGUtNvnslobqw/GumUnXdUoJwbq9RPKsChe61NyPe0bon5fq8SuiiRa/a4KC8lRUMnCdNMWM5Qjj0AZoW/K2VD8Cmj/4eGDyF+/eS34Hy3Hf9q757+bB0czeJYJptki2yTmOyRA/KXnJAOYeSa3AckCILb4CFcCJceR8Ng5tkgLypc/Q8pG7Mm</latexit>

dn̄

dt
= � (�m + �opt) n̄+ �" +A"

General rate equation

Stationary solution
<latexit sha1_base64="OrkDHZKi6OBp41EAogPRJJr7saU=">AAAB/nicbVBNS8NAEN3Ur1q/quLJS7AInkpSRL0IRS8eK9gPaELZbDbt0s0m7E6EsgT8K148KOLV3+HNf+O2zUFbHww83pthZl6QcqbAcb6t0srq2vpGebOytb2zu1fdP+ioJJOEtknCE9kLsKKcCdoGBpz2UklxHHDaDca3U7/7SKViiXiASUr9GA8FixjBYKRB9ciLJCY69AIstchzHUJ+7QyqNafuzGAvE7cgNVSgNah+eW FCspgKIBwr1XedFHyNJTDCaV7xMkVTTMZ4SPuGChxT5evZ+bl9apTQjhJpSoA9U39PaBwrNYkD0xljGKlFbyr+5/UziK58zUSaARVkvijKuA2JPc3CDpmkBPjEEEwkM7faZIRNHmASq5gQ3MWXl0mnUXcv6o3781rzpoijjI7RCTpDLrpETXSHWqiNCNLoGb2iN+vJerHerY95a8kqZg7RH1ifP9QLlgw=</latexit>

dn̄

dt
= 0

<latexit sha1_base64="R4J+Eerq45ao0oNjNqlZsOLkIQo="></latexit>

n̄ =
�" +A"
�m + �opt

=
�mnB(!m) + �opt

⇣
A"
�opt

⌘

�m + �opt



Ground state cooling

= effective nonequilibrium phonon occupation

=  intrinsic damping (bath)

= optomechanical damping

Thermal 
bath

nB = 1/(e
~!0
kBT � 1) ,

<latexit sha1_base64="T7Qnosl0DArV7o4pexFw3Xyzu4s="></latexit>

= thermal phonon occupation (Boltzmann)

<latexit sha1_base64="GA/GeZC/psI9vzMdCsO22bVtjSI=">AAAB+3icbVDLSsNAFJ34rPVV69LNYBFclJKIqMuiC11WsA9oQphMJ+3QeYSZiVhCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG9f9dlZW19Y3Nktb5e2d3b39ykG1o2WqMGljyaTqRUgTRgVpG2oY6SWKIB4x0o3GN1O/+0iUplI8mElCAo6GgsYUI2OlsFL1bxHnKMxkYnLo12EdhpWa23BngMvEK0gNFGiFlS9/IHHKiTCYIa37npuYIEPKUMxIXvZTTRKEx2hI+pYKxIkOstntOTyxygDGUtkSBs7U3xMZ4lpPeGQ7OTIjvehNxf+8fmriqyCjIkkNEXi+KE4ZNBJOg4ADqgg2bGIJworaWyEeIYWwsXGVbQje4svLpHPW8C4a3v15rXldxFECR+AYnAIPXIImuAMt0AYYPIFn8ArenNx5cd6dj3nrilPMHII/cD5/AGxpk2I=</latexit>

�opt ,

<latexit sha1_base64="jDYUukbUocSkf06SN3pkXzUYcgI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBQymJiHosetBjBfsBTQiT7aZdupuE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3S2vrG5lZ5u7Kzu7d/YB8etVWSSUJbJOGJ7IagKGcxbWmmOe2mkoIIOe2Eo7uZ3xlTqVgSP+lJSn0Bg5hFjIA2UmDb3j0IAUEuptir4RoO7KpTd+bAq8QtSBUVaAb2l9dPSCZorAkHpXquk2o/B6kZ4XRa8TJFUyAjGNCeoTEIqvx8fvkUnxmlj6NEmoo1nqu/J3IQSk1EaDoF6KFa9mbif14v09GNn7M4zTSNyWJRlHGsEzyLAfeZpETziSFAJDO3YjIECUSbsComBHf55VXSvqi7V3X38bLauC3iKKMTdIrOkYuuUQM9oCZqIYLG6Bm9ojcrt16sd+tj0Vqyiplj9AfW5w+3pZJo</latexit>

�m ,

<latexit sha1_base64="A6rfmB6o0gZ/YWhAjqCS0OSY+p0=">AAACNnicbVDLSgMxFM34tr5GXboJFkEQyoyIuhGKLnQjVLC20CnDnTRjQ5PMkGSEMsxXufE73HXjQhG3foJpHfB5IOTk3HO5uSdKOdPG80bO1PTM7Nz8wmJlaXlldc1d37jRSaYIbZKEJ6odgaacSdo0zHDaThUFEXHaigZn43rrjirNEnlthintCriVLGYEjJVC9zKIQOWywCc4iBWQPDgHISAUWIaneA+XzzxJTWGlyV18mX4aitCtejVvAvyX+CWpohKN0H0MegnJBJWGcNC643up6eagDCOcFpUg0zQFMoBb2rFUgqC6m0/WLvCOVXo4TpQ90uCJ+r0jB6H1UETWKcD09e/aWPyv1slMfNzNmUwzQyX5HBRnHJsEjzPEPaYoMXxoCRDF7F8x6YNNz9ikKzYE//fKf8nNfs0/rPlXB9X6aRnHAtpC22gX+egI1dEFaqAmIugejdAzenEenCfn1Xn7tE45Zc8m+gHn/QMVw6w0</latexit>

n̄ =
�mnB + �optnopt

�m + �opt
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<latexit sha1_base64="naR5J9u8eD9YJ/nVuSCJyHVfQM4=">AAACG3icbVDLSgMxFM34rPU16tJNsAhurDNF1I1QdeOygn1AOwyZNNOGZpIhyVjKMP/hxl9x40IRV4IL/8ZM24W2Hgice869Se4JYkaVdpxva2FxaXlltbBWXN/Y3Nq2d3YbSiQSkzoWTMhWgBRhlJO6ppqRViwJigJGmsHgJvebD0QqKvi9HsXEi1CP05BipI3k2xXupyLWGbyEsBNKhFM3S6/8tNMVQ46kFMPsJC+TeFIcu5lvl5yyMwacJ+6UlMAUNd/+NLfhJCJcY4aUartOrL0USU0xI1mxkygSIzxAPdI2lKOIKC8d75bBQ6N0YSikOVzDsfp7IkWRUqMoMJ0R0n016+Xif1470eGFl1IeJ5pwPHkoTBjUAuZBwS6VBGs2MgRhSc1fIe4jk5A2cRZNCO7syvOkUSm7Z+XK3Wmpej2NowD2wQE4Ai44B1VwC2qgDjB4BM/gFbxZT9aL9W59TFoXrOnMHvgD6+sHtjWh3A==</latexit>

nopt =
1

A#/A" � 1

<latexit sha1_base64="mTgNSvpbOI89qjlJNn1CshJqP24="></latexit>

nopt '
✓



4!m

◆2

⌧ 1 red detuning
<latexit sha1_base64="Ec9QIXG2OAANIIarARmVHx4EzfM=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApCEJJiqjLohsXLirYC7QhTKan7dCZJM5MhBL6BG58FTcuFHHr2p1v47SNoK0/DHz85xzOnD+IOVPacb6s3NLyyupafr2wsbm1vWPv7jVUlEgKdRrxSLYCooCzEOqaaQ6tWAIRAYdmMLyc1Jv3IBWLwls9isETpB+yHqNEG8u3S51IQJ/4KR3jjmIC7nDmXOPjHxS+XXTKzlR4EdwMiihTzbc/O92IJgJCTTlRqu06sfZSIjWjHMaFTqIgJnRI+tA2GBIBykun54xxyThd3IukeaHGU/f3REqEUiMRmE5B9EDN1ybmf7V2onvnXsrCONEQ0tmiXsKxjvAkG9xlEqjmIwOESmb+iumASEK1SbBgQnDnT16ERqXsnpYrNyfF6kUWRx4doEN0hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n7XmrGxmH/2R9fENXQ2bqg==</latexit>
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