Quantum Optics Exercise 4

The wavefunction of a spontaneously emitted photon

Consider a two-level atom located at position ro and coupled to a scalar field by the
interaction Hamiltonian
Hi = _[Exe™an + Ee™ ™ af|[dego™ + dego™]. (1)
Kk
&, = & /VV is the field amplitude for the mode of wavevector k and the sum over modes
is to be taken within a quantization box of volume V' and periodic boundary conditions.
The frequency of the mode at k is wy and the natural excitation frequency of the atom is

wop. o and o~ are the raising and lowering operators for the two-level atom. Both &, and
d.q are real and positive.

1. At the initial time ¢ = 0, the atom is in its excited state e and the field is in its
vacuum state. Show that within the Rotating Wave Approximation, the state of the
system at a generic time t can be written in the form

(1)) = e [Ce(t) ) ® [vac) + ) ex(t) l9) ® |1 : k) (2)
k
where the one-photon states are defined as |1 : k) = aj [vac). Write the equation of

motion for the ¢.(t) and ¢k (t) amplitudes.

2. Show that the field amplitude cx(t) can be written in terms of the atomic one at
previous times as:

¢
cx (1) :/dt' e~ W —wo)(t=t)) [—idegc‘fke_ikro ce(t')} (3)
0

3. Inserting this expression into the equation of motion for ¢.(¢) and exchanging the sum
and the integral, write an integro-differential evolution equation for the evolution of
Ce(t) in the form

dc;it) _— / A T(t — 1) co(t) (4)

—00

with a memory kernel

D(t =) = 3 (dey€y)? e ormen =), (5)
k

4. Assuming the frequency distribution of the field modes to be almost flat, show that
the memory kernel can be approximated as

L(t—t)~T.6(t—1t) (6)

with I'. equal to the decay rated predicted by the Fermi golden rule. What is the
time-evolution of ¢.(t) ?



5. Using the integral relation (3), give an expression for the field amplitude c(t) at late
times I'.t > 1.

6. Restricting our attention to one-photon states, we can define a photon wavefunction
in terms of the field operator

A _ L eikr a
a(r) = Vi ; K (7)

¢(r) = (vacla(r)|y). (8)

Within a simplified one-dimensional model with photon dispersion w, = ck, write
an expression for the photon wavefunction at late times I'.t > 1 and give a physical
interpretation of the result.
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